Using a numerical technique, we have calculated the exciton ground state in a uniaxially anisotropic semiconductor with and without the presence of a magnetic field. Numerical results are given for the exciton energy level as a function of magnetic field for a wide range of anisotropy parameters 0.001р␣␤р1000 and effective field 0р␥р10. We have demonstrated that by fitting the experimental data of the field dependence, in a proper field range, with the field aligned in the direction of the uniaxis, the exciton in plane reduced mass Ќ and the parameter ␣␤ can be obtained simultaneously. As an example, magnetoluminescence of ordered GaInP 2 measured in the field range Bр14 T is analyzed by applying this method. Analytical formulas have been found for calculating exciton binding energy and the related variational parameters for a well-known method with trial function f (x,y,z)ϭ(a 2 b) Ϫ1 exp͓Ϫͱ(x 2 ϩy 2 )/a 2 ϩz 2 /b 2 ͔. Various approximate approaches for calculating the exciton binding energy and the magnetoexciton states are discussed and compared.
I. INTRODUCTION
Excitonic states in an anisotropic semiconductor and their behavior in a magnetic field have been investigated extensively in the past forty years. In a semiconductor with cubic symmetry, the anisotropy for a direct exciton occurs mainly from the anisotropy of the effective mass tensor of the valence band. Exciton states in cubic semiconductors with and without a magnetic field have been studied by, for examples, Dresselhaus, 1 Altarelli and Lipari, 2 Swierkowski, 3 Cho et al., 4 and Lipari and Altarelli. 5 Degeneracy combined with the anisotropy causes a strong mixing of states and results in a complicated magnetic field dependence of the excitonic states. [2] [3] [4] [5] On the other hand, excitonic states in semiconductors with uniaxial symmetry are relatively easy to deal with. When a large valence band splitting exists in a semiconductor, for instance, in crystals like CdS 6 and CdSe 7 with Wurtzite symmetry, in semiconductor quantum wells and superlattices 8 or in cubic semiconductors subjected to a high uniaxial stress along the ͓001͔ or ͓111͔ direction, an ellipsoid energy dispersion is a good approximation for the electronic states near kϭ0. Thus, excitonic states are the solutions of a single effective mass equation with anisotropic masses and maybe anisotropic dielectric constants as well. We refer to this type of anisotropic exciton as a simple anisotropic exciton, compared to the more complicated situations in cubic semiconductors.
For a simple anisotropic exciton or a similar problem for shallow impurities, there have been various perturbative methods proposed for calculating its eigenstates. For instances, trial-wave function or basis-expansion methods were used by Kittel and Mitchell, 9 Kohn and Luttinger, Faulkner, 11 and Baldereschi and Diaz, 12 and a method of solving a set of coupled radial equations was used by Broeckx et al. 13 For the simple anisotropic exciton in a magnetic field aligned along the symmetric axis, the effects of the anisotropy and field are in fact similar in terms of symmetry. Perturbative methods have been used to obtain the exciton states in a weak field for materials with rather weak anisotropy, like CdS by Hopfield and Thomas 6 and CdSe by Wheeler and Dimmock. 7 Variational methods have also been used for solving the problem, for instance, a one-parameter trial Hamiltonian method by Dai et al. 14 which is only good for a weak field and weak anisotropy, and a basis-expansion method by Twardowski and Jinter 15 which is more accurate for a strong field and excited states than for a weak field and ground state. Very recently, Lee and Lee 16 proposed a method to treat the anisotropic magnetoexciton as an isotropic one with an effective interaction constant, when the anisotropy is not too strong.
The motivation of this work is to interpret the magnetoluminescence data of ordered III-V alloys, GaInP 2 in particular, 17 in an intermediate field range in which the perturbative approach is not valid any more. The ordering changes the crystal structure from zinc-blende to CuPt, and causes an effective mass anisotropy in the conduction band and a splitting of the degenerate valence band. As a good approximation, both the conduction band and the topmost valence band have ellipsoid energy dispersions. 18 Also, it is of a general interest to understand the magnetoexciton with an arbitrary anisotropy and magnetic field, but without the complicated valence band structure of cubic semiconductors.
For an isotropic exciton, its magnetic field dependence has been very well studied, in the pioneering work of Yafet et al. 19 using a trial function with a form exp͓Ϫaz )͔ and in work by others using improved or more sophisticated trial functions, for instance, Larsen, 20 Pokatilov and Rusanov, 21 and Gerlach et al., 22 and using other techniques: perturbation methods by Ruder et al., 23 Pavlov-Verevkin and Zhilinskii, 24 and Cohen and Herman, 25 solving multiple radial equations by Cabib et 28 For the isotropic magnetoexciton, the numerical results for experimentally accessible fields are usually tabulated, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] which makes it possible to use them for analyzing the experimental results. However, for the anisotropic magnetoexciton, such kinds of tables are not available, to the best of our knowledge. On the other hand, in the early works, 6, 7 as well as in our recent work, 17 in order to obtain the exciton reduced masses in the directions parallel and perpendicular to the uniaxis, measurements including the excited states and/or with two field orientations were required. Strictly speaking, it is not possible to obtain the two reduced masses by analyzing the two-field data because the field dependence of the exciton state is not just simply a function of the two reduced masses, but rather of the individual electron and hole effective masses. Only in the low-field limit, can the diamagnetic shifts be described by the relatively simple functions which contain only the two reduced masses. 6, 7, 17 Very often, such a low-field limit gives a very small field range in which diamagnetic shift is at first rather small and second could be affected by the exciton localization caused by certain fluctuations. Also, it is not trivial to decide in what field range the formalism for the diamagnetic shift is a good approximation.
In this work, we choose to extend the numerical method of Ref. 26 for the isotropic exciton to the anisotropic exciton. We are able to achieve an accuracy of four or five digits below the decimal point in calculating the exciton binding energy or its magnetic shift in the anisotropy range 0.001 р␣␤р1000 and in the field range 0р␥р10 ͑␣␤ and ␥ are defined below͒, at least for the exciton ground state. We will demonstrate how to obtain the exciton reduced mass and the anisotropy parameter ␣␤ simultaneously by fitting the magnetoluminescence data to the theoretical results. A few fairly simple analytical formulas are found for the long existing approximate approaches for the exciton binding energy. Also, the applicability and the accuracy of various approximations are discussed.
II. FORMALISM AND RESULTS

A. Magnetic field B‫0؍‬
The electron-hole relative motion of an excitonic state can be described by the following equation in a ''simpleanisotropic-exciton'' model:
where Ќ (⑀ Ќ ) and ʈ (⑀ ʈ ) are exciton reduced masses ͑di-electric constants͒ in the directions perpendicular and parallel to the symmetry axis, respectively. In Eq. ͑1͒, the zero of the energy has been chosen as the band gap. If we define a mean dielectric constant ⑀ 0 ϭͱ(⑀ Ќ ⑀ ʈ ), a mass anisotropy ␣ϭ Ќ / ʈ , a dielectric anisotropy ␤ ϭ⑀ Ќ /⑀ ʈ , and a transformation zЈϭzͱ␣, use the effective 
where L is the angular momentum operator. The Hamiltonian in Eq. ͑2͒ has an axial symmetry about z as well as an inversion symmetry, therefore both the z component of angular momentum m and parity are good quantum numbers. We are only interested in the eigenstates with mϭ0 and even parity, because only these states have nonzero matrix elements for band-edge optical transitions. As in Ref. 26 , we can express (r) as a combination of spherical harmonis Y l m with even l and mϭ0;
Substituting Eq. ͑4͒ into Eq. ͑3͒, we obtain a set of coupled differential equations for the radial functions F l (r):
where 
which is a set of differential equations for f l ()'s. We, then, solve these equations by using a finite difference method, where a central-five point formula is used for the second derivative. 26 To achieve an accuracy of (10 Ϫ4 -10 Ϫ5 )R Ќ for the eigenvalue of Eq. ͑7͒ in the range 0.2у(␣␤) Table I , compared with the results of Refs. 10, 11, and 13. Our results are more accurate for the cases of strong anisotropy.
B. Magnetic field B 0
The perturbative Harmoltonian due to the magnetic field can be written as
where the effective field ␥ϭ 1 2 ប c /R Ќ , and c ϭeB/(c Ќ ) is the in-plane cyclotron frequency. Since we are only interested in mϭ0 states, the term associated with the ordinary Zeeman effect has been ignored. The matrix elements to be added to Eq. ͑7͒ are
͑9͒
For the isotropic exciton, Ref. 26 found that a value of L max ϭ12 is adequate to give the four-digit accuracy for ␥ р5. In our calculation, we find that a maximum l of 20 can
give an accuracy of (10 Ϫ4 -10 Ϫ5 )R Ќ for the ground state energy in a range of 0.2у(␣␤) 1/3 р5 and 0у␥р10. Only for the most extreme cases of (␣␤) 1/3 ϭ0.1 or 10, a maximum l of 26 is needed. For the 1s ground state, the shift of the energy level as a function of variables ␣␤ and ␥ is listed in Table II .
III. DISCUSSION AND APPLICATION
A. Binding energy of a simple anisotropic exciton
When the anisotropy is weak, ͉(1Ϫ␣␤)͉Ӷ1, the eigenvalue of Eq. ͑7͒ can be obtained perturbatively by using the wave-function of an isotropic exciton. A series expansion was given by Wheeler and Dimmock. 7 Here, we give a closed form as:
͑10͒
A slightly different approximation was used by Hopfield and Thomas: 6 introducing an averaged reduced mass
and rewriting Eq. ͑1͒ by substituting for 0 , the first order perturbation yields
Equations ͑10͒ and ͑11͒ explain why (␣␤) 1/3 was found to be a good parameter to describe the anisotropy effect on the binding energy by Faulkner. 11 In fact, simply taking (␣␤) Ϫ1/3 as the binding energy, the result is similar to Eqs. ͑10͒ and ͑11͒:
While Eqs. ͑10͒ and ͑11͒ underestimate the binding energy, for instance, by less than 2% and 4%, respectively, for ␣␤ ϭ0.5, Eq. ͑12͒ overestimates the binding energy by less than 2%. The anisotropy in materials like CdS, CdSe, and partially ordered GaInP 2 are usually weaker than ␣␤ϭ0.5.
On the other hand, the variational method proposed by Kittel and Mitchell, 9 Kohn and Luttinger, 10 and Faulkner 11 can cover a much larger range of anisotropy. Even for 13 by 1% for the ground state. While the methods of Refs. 9, 10, and 11 give a similar accuracy, the former is much easier to use. Besides, we have now obtained analytical formulas for calculating the variational parameters in the former method. The trial function for Eq. ͑2͒ can be written as
͑13͒
We find that with this trial function, the expectation value of the Hamiltonian in Eq. ͑12͒ can be given analytically, and the exciton ground state energy is
The minimization conditions: ‫ץ‬E/‫ץ‬aϭ0 and ‫ץ‬E/‫ץ‬bϭ0 lead to the following equation for the parameter Q:
and the binding energy and parameters a and b are related to one of the two solutions of Eq. ͑15͒, Q 0 , which minimizes the energy: 
EϭϪ
The other trivial solution of Eq. ͑15͒ is Qϭͱ␣␤ that does not minimize the energy. In fact, this solution leads to the approximation of Eq. ͑11͒. Figure 1 compares the exciton binding energy as a function of ␣␤ according to Eqs. ͑10͒, ͑11͒, and ͑14͒. The result of Eq. ͑14͒ differs from that of the Eq. ͑7͒ ͑not shown in Fig.  1͒ by less than 0.5% for ␣␤ϭ0.1 or 10 .
B. Diamagnetic shift of a simple anisotropic exciton
In the low-field region of ␥Ӷ1, the shift of the exciton state, defined as ␦EϭE(B)ϪE(Bϭ0) ͑the so-called diamagnetic shift͒, can be evaluated perturbatively as ␦E ϭ͗⌿ 0 ͉␦H B ͉⌿ 0 ͘, where ⌿ 0 is the eigenstate of Bϭ0.
Applying the approximation of Wheeler and Dimmock, 7 the anisotropy only shifts the energy level, but has no effect on the diamagnetic shift, assuming the same values of Ќ nd ⑀ 0 . On the other hand, with the averaged-mass approximation of Hopfield and Thomas, 6 the diamagnetic shift is ␦Eϭ ␥ .
͑19͒
Equation ͑19͒ indicates that the diamagnetic shift becomes smaller ͑larger͒ if ␣␤ is smaller ͑larger͒ than 1, assuming Ќ 
͑20͒
then the anisotropic magnetoexciton is treated as an isotropic one with a reduced mass of Ќ and the effective Coulomb interaction e* 2 . This approach may give rather accurate results when both the anisotropy and field are not too strong.
For instance, for ␣␤ϭ0.5 and ␥ϭ1.0, the error for ␦E is about 4% if the isotropic equation with an effective interaction is solved numerically. However, the variational approach used by the authors 16 was less accurate ͑the error would be 12% for this case͒. Figure 2 shows a comparison for ␣␤ϭ0.1 between the two approaches: directly solving the anisotropic magnetoexciton with the given anisotropy and solving the isotropic magnetoexciton with the effective interaction.
Notice that, because in the low-field region a dependence of ␦Eϭc( Ќ ,␣␤)B 2 is always a good approximation ͑c is a constant͒, we can not deduce two parameters Ќ and ␣␤ independently by fitting experimental data to the theory, although c( Ќ ,␣␤) can be a complicated function of parameters Ќ and ␣␤. Nevertheless, it has been shown that in the low-field region by analyzing data including the excited states and/or with different field directions, one can indeed obtain the two parameters independently. 6, 7, 17 Also notice that in the high-field limit of the Landaulevel region, the energy level is independent of the anisotropy parameter:
Thus, the experimental data in the intermediate field region is expected to be more useful for obtaining the two parameters Ќ and ␣␤ simultaneously. To illustrate this, Fig. 3 shows ␦E as a function of ␥ for three typical ␣␤ values, as well as the ratios of ␦E between ␣␤ϭ0.5 and ␣␤ϭ1.0 and between ␣␤ϭ0.1 and ␣␤ϭ1.0. As we can see, in the intermediate field region, the ratio has a relatively strong dependence on the field, which implies that the energy shift is more sensitive to the anisotropy parameter.
As an example, Fig. 4 shows a fitting of the experimental data to our numerical calculation for a partially ordered GaInP 2 sample. If the fitting is performed in the field region Bу6 T, the yielded parameters are Ќ ϭ0.090Ϯ0.001 and ␣␤ϭ0.52Ϯ0.06. These values agree well with the results obtained by fitting the experimental data of the low-field region (Bр6 T) in two field directions to perturbative formulas:
17 Ќ ϭ0.0915Ϯ0.0005 and ␣␤ϭ0.61Ϯ0.16. The error bar for ␣␤ is relatively large, which is because of the fact that it is a less sensitive parameter in determining the exciton level.
IV. CONCLUSION
We have applied a numerical technique to calculate eigenstates of an anisotropic magnetoexciton. Numerical results are tabulated for the range of 0.1Ͻ␣␤ 1/3 Ͻ10 and 0 р␥р10, which can be directly used for fitting experimental data to obtain the in-plane exciton reduced mass and the anisotropic parameter ␣␤. Various approximations are discussed and compared in terms of their applicable regions. We have demonstrated that by only measuring and analyzing the magnetic shift of the exciton ground state with the field aligned in the uniaxis, both the in-plane reduced mass and the anisotropic parameters can be obtained.
